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NEWS

Are Bayes’ Days Upon Us? Statistical Methods
Could Change the Conduct of Clinical Trials

A group of statisticians who dislike . .
the null hypothesis as much as strug- COI‘Itl‘OVEl‘SleS 1n Stl‘Oke

gling graduate students do are teaming
up with clinical researchers to redefine
the ¢

swel
statl
18th

; Guidance

Inftu

Clinical trials and rare diseases: a way o fOl‘ Industl‘y and FDA Staff

Richard J Lilford, ] G Thornton, D Braunholtz

Curventy, siaical wriels tend t0 be individually s bec Guidance for the Use of

calculation in their grant request. However, con- to det

ventional levels of statistical precision are unlikely to  betwes s s n e
be obtainable prospectively if the trial is required to confid BayeSIan StatIStlcs ln
evaluate treatment of a rare disease. This means that bodies

clinicians treating such diseases remain in ignorance Ind L . . n L] l‘ .

and must form their judgments solely on the basis of expect M d l D C l l T l
(potentially biased) observational studies, experi- a defit e lc a eVlc e 1 1 c a 1 a S
ence, and anecdote. Since some unbiased evidence (so ¢

is clearly better than none, this state of affairs should not, h

not continue. However, conventional (frequentist) bayesi )

confidence limits are unlikely to exclude a null result, action. Document issued on: February S5, 2010

even when treatments differ substantially. Bayesian

methods utilise all available data to calculate An

probabilities that may be extrapolated directly to exi

clinical practice. Funding bodies should therefore The . i T

fund a ire of small trials, which need have no _genital The draft of this document was issued on 5/23/2006
predetermined end, alongside standard larger €XamMpP.v. auv vuiuvis sus A L SuLEYLY My

studies. contemplated are, individually, rare. For example,
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1. Prior and Posterior distribution
Combination of prior ‘beliefs’ with data from a study

Classical ,,frequentist” Bayesian analysis
statistiepdapalyisis
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1. Prior and Posterior distribution
Combination of prior ‘beliefs’ with data from a study

Example 1

Prior
+ Data
= Posterior

\
N\ N
\ \,
A e e = e - - - - - — - — - - -
< N
~ \.
S ~

2 3 4 56789
} % { Hazard
95% Confidence interval: (0.947,5.238)  ratio
1 | |
I I 1
95% Credible Interval: (1.074,4.285)
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Example 2

Prior
A +Data
\ = Posterior

\
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Example 3
Non-informative prior

y Prior
/ + Data
/ = Posterior

1 2 3 4 56789

} % { Hazard
95% Confidence interval: (0.947,5.238) ratio

95% Credible Interval: (1.822,4.264)

\
N
A = = S - - - - - ——— = — -
<

2 3 4 56789
} % { Hazard
95% Confidence interval: (0.947,5.23g) ~ ratio
| ] |
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95% Credible Interval: (0.947,5.238)




1. Prior and Posterior distribution
Example: Two groups, normal data, known variance

Classical ,,frequentist” Bayesian analysis

statistical analysis
Normal-Normal Model

Gauss Test i 77
Data Model: Z=—==|p~NW1)
X1 """ Xn = N(“1’02) %+%
Y., Y, ~ N(Uy,02), 3% known 7 Prior distribution: f(u) o< 1 (non-informative)
Ho: M4-Mo<0 versus H,: y>0 or J~ N(dg,T2)
<=> H,: p<0 versus H,: p>0 with p == ulz—uzz Posterior distribution:
o ERED flulz) = f(n2)/f(2)
Test statistic Z = XZ_YZ ~N(u, 1) «< f(wz)
et = W f(
If u=0 (H,): Z~N(0,1) => |z~ N(z, 1) (non-informative prior)
p = Prob {Z2z |H,} = 1 - ©(2) . Ttz
Z~ )
: o+l 241
To To
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2. A Bayesian significance test?
Example: Two groups, normal data, known variance

Hy: =0 versus H,: p>0

Classical ,,frequentist”
statistical analysis

Gauss Test

p=Prob{Zzz|H,}=1-®(2)
Reject H,, if p = 0.05
=> Prob { Reject H, | y=0 } = 0.05

J. Gerf3: Bayesian Methods in Clinical Trials

Bayesian analysis,
(1) non-informative prior

ulz~ N(z,1)

2 A 0 1 2 3 4 5

Reject H, if Prob { u<0 | z } < ag, . ’
Now Prob {u<0 |z} =Prob {p-zs-z |z}
=0(-2)=1-0(z)=p,
and with ag,yes = 0.05:
Prob { Reject H, | p=0} = Prob { psoag, ., | u=0}
= Ogayes = 0.05

=> Reject Hy, if Prob { us0 | z } = p < a,yes = 0.05



2. A Bayesian significance test?
Example: Two groups, normal data, known variance

Hy: =0 versus H,: p>0

Classical ,,frequentist” Bayesian analysis,
statistical analysis (2) informative prior
1
Gauss Test sZM Tz
~N )
p = Prob {Z2z | Hy} = 1 — 0(2) iz P U
To? To?

Reject H,, if p = 0.05

=> Prob { Reject H, | y=0 } = 0.05

1.0 -

0.8 -

0.6

0.4 -

0.2 A

0.0 -

Reject H, if Prob { u<0 | z } < ag, ..
(@) agyes=0.05
(b) Determine ag,., so that

Bayesian o Prob { Reject H, | y=0 } = 0.05

analysis, 4

informative /

prior (2a) // Frequentist statistical analysis = Bayesian analysis, non-informative prior
,' Bayesian analysis, informative prior (2b)




2. A Bayesian significance test?
... with controlled type | error

(8, but
(1) ,Assume p=0 (H)" f (Informative) prior

(2) Prob(Type | error) is a long-run frequentist probability!

Bayesian decision rule: 95% certainty is directly assured,
according to the posterior distribution

->  Bayesian methods in a strict corset of frequentist quality criteria are
usually not much more powerful than classical frequentist methods.”
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2. A Bayesian significance test?
... with controlled type | error

(8, but
(1) ,Assume p=0 (H)" f (Informative) prior

(2) Prob(Type | error) is a long-run frequentist probability!

Bayesian decision rule: 95% certainty is directly assured,
according to the posterior distribution

Application of Bayesian methods

* (Interval) estimation 2 10t 23 4s

* Interpretation of results: E.g., Compute Prob { H, | data }
Model complex relationships
« Account for different levels of uncertainty (see below)

—> Clinical trial: Basic frequentist design (classical significance test),
with Bayesian supplements (see below)
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3. Response-adaptive randomization

e Consider a randomized two- or multi-arm clinical trial

« Response-adaptive randomization:
Randomized Treatment Assignment not with equal and fixed probabilities,
but increased assignment of patients to more promising treatments

* I “IlllllllllII
4TI

o o o =
SN » oo o
| |

Prob (Treatment assignment)
o
o

©
o
L

1 5 10 15 20 25 30 34
Pat.-No.
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3. Response-adaptive randomization
Example: Phase |lIB design with binary response

« Two treatment arms k=1,2
« Denote 6, the response probability in arm ke{1,2}
* Goal: Compare response probabilities 0., 6,

e Algorithm

1. Randomize the first 14 patients to treatment arm 1 and 2 with equal
probability 1/2.

2. After each observed outcome, compute the (posterior) probability of each
arm k to be the best arm, using all currently available data (,Prob(arm k is
best)")

3. Assign patients to treatment groups with probability proportional to
Prob(arm k is best)¢ (with tuning parameter c=1), but never lower than 0.1.

4. Final analysis with n=60 patients: Fisher's exact test

J. Gerf3: Bayesian Methods in Clinical Trials 15



3. Response-adaptive randomization
Example: Phase |lIB design with binary response

Simulation (100000 runs)

Mean number of
patients in groups

Mean total number of

Type 1 error / Power

Response 1/2 responses
prob. B : B . B :
0,/6, Fixed il Fixed peAe Fixed il
adaptive adaptive adaptive
alloc. rate alloc. rate alloc. rate
random. random. random.
0.6/0.6 30/30 30.0/ 30.0 36.0 36.0 0.0265 0.0390
0.6/0.7 30/30 22.7 ] 37.3 39.0 39.7 0.0783 0.0870
0.6/0.8 30/30 16.9/43.1 42.0 44.6 0.2986 0.2777
0.6/0.9 30/30 13.2/46.8 45.0 50.0 0.7072 0.6487

J. Gerf3: Bayesian Methods in Clinical Trials
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4. Bayesian decision making in interim analyses

 Klinische Studie mit 2 Behandlungsgruppen

* Normalverteilte Zielgrole

2

e Gruppe 1: X~N (Hp%) , mit bekannter Varianz o2

2

« Gruppe 2: Y~N (uz,%)

I ol o Bl
« Hy: u<O versus H;: >0, «=0.025

X-Y

« Teststatistik: Z := J202/n

p=1-o(2)

~N(0,1) unter H,

J. Gerf3: Bayesian Methods in Clinical Trials 18



4. Bayesian decision making in interim analyses
Pocock-Design, Inverse-Normal-Methode

n,=35 Falle p; 4 Fortsetzung mit n, Fallen pro Gruppe
pro Gruppe 14 -
Information
rate 0.5 | Futility Teststatistik Z, , p, = 1 - d(z,)
Teststatistik Z, Stop H, ablehnen, falls
P = 1-%@) | —05+- _ | Coup) = 1= 0[wi07 (1 = py) + w071 (1 = py)]
<a.= o,=0,0148
@ pz S 1 _ @ |:®_1(1_ac)_u‘:;1®_1(1_p1):| = CEF(pl)
a,=0,0148T ’ - mitw, = w, = [1/2
0
}ablehnen
O__
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4. Bayesian decision making in interim analyses
Fallzahl-Rekalkulation

b Se| 0(1 < p1 < aO
« Conditional Power 1-3,

1— . = Prob|[p, < CEF(p1) | p1, 1t

—1-0 |07 (1 - CEF(py)) - ﬂ

« Ziel: 1-$.=0.8 bei wahrem Effekt p (!)

Conditional Power

- Setzeuy=X-Y
(beobachtete Mittelwertdifferenz in 1. Stufe) 0 50 100 150 200

. 35<n,<100

J. Gerf3: Bayesian Methods in Clinical Trials 20



4. Bayesian decision making in interim analyses
Pocock-Design, Inverse-Normal-Methode

n,=35 Falle p, M
pro Gruppe 14 -
Information
rate 0.5 | Futility
Teststatistik Z, Stop
=1-d(z
P+ (z4) 0,=0,5 - )

a,=0,0148 -
I_IO
}ablehnen

J. Gerf3: Bayesian Methods in Clinical Trials

Fortsetzung mit n, Fallen pro Gruppe

so dass 1-3.=0.8 (35=n,<100)

Teststatistik Z, , p, =1 - ®(z,)

H, ablehnen, falls

C(pnp2) =1—-0[w;07' (1 —py) + w07 (1 — py)]
<a.= o,=0,0148

-w10~1(1-p1)
W>

1
<=}>pZS1—(D[(D (1-eo) ]=1CEF(P1)

mltW1=W2=\/1/2

21




4. Bayesian decision making in interim analyses
Bayesian Predictive Power

Sei oy <pgs=ag
Conditional Power 1-3,

1—B. = Prob[p; < CEF(py) | p1, 1]

=1—-0 [ 1(1—CEF(p1))—— \/"721

Ziel: 1-$.=0.8 bei wahrem Effekt p (1)

SetzeT=x%—Y
ete Mittelwertdifferenzim4-

Bayesian Predictive Power (BPP)

BPP = [ Prob[p, < CEF(py) | p1, 1] fuey (W) dp mit HWJ”“N( -
1 [w/ZGZ/nz(b 1(1-CEF (p,))-(x-)

\/20'2/n2+20'2/n1

:|N
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4. Bayesian decision making in interim analyses
Bayesian Predictive Power

Sei oy <pgs=ag
Conditional Power 1-3,

1— . = Prob[p, < CEF(py) | 1, 1]

=1-0 [ 1(1—CEF(191))—— \/7] =1-— @[V “2/"z®210(21/;EF(p1))—u

Ziel: 1-$.=0.8 bei wahrem Effekt p (1)

SetzeT=x%—Y
ete Mittelwertdifferenzim4-

Bayesian Predictive Power (BPP)

BPP = [ Prob[p, < CEF(py) | p1, 1] fuey (W) dp mit HWJ”“N( -
1 [w/ZGZ/nz(b 1(1-CEF (p,))-(x-)

\/202/n2+20'2/n1

:|N
N——"
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4. Bayesian decision making in interim analyses

Bayesian Predictive Power

Sei oy <p;sq

Conditional Power 1-3,

1— . = Prob[p, < CEF(py) | 1, 1]

=1-0 [@_1(1 — CEF(py)) —%'

Ziel: 1-$.=0.8 bei wahrem Effekt p (1)

SetzeT=%*
ete Mittelwertdifferenzi

Bayesian Predictive Power (BPP)

np

2

e——

2—)00

% -
BPP,,:= lim BPP = q)( >< 1

\/20'2/711

Bayesian Predictive Power

0.0

I I
50 100 150 200

BPP = [ Probl p, < CEF(py) | pyu]- fues(0 i mit iz, y~N (% - 7,%)

—1— [\/ o2/ny @~ 1(1 CEF(P1)) (x-y)

\/20'2/n2+20'2/n1

J. Gerf3: Bayesian Methods in Clinical Trials
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4. Bayesian decision making in interim analyses
Gruppensequentiell-adaptives Studiendesign
Pocock-Design, Inverse-Normal-Methode

n,=35 Falle p, M
pro Gruppe 14+ -
Information
rate 0.5 | Futility
Teststatistik Z, Stop
=1-d(z
P (z4) 0,=0,5 - )

a,=0,0148 -
H0
}ablehnen

J. Gerf3: Bayesian Methods in Clinical Trials

Fortsetzung mit n, Fallen pro Gruppe

so dass >R, BPP=0.8 (35<n,<100)

Teststatistik Z, , p, =1 - &(z,)

H, ablehnen, falls

Cp1,pz) =1—0[w,07 (1 — py) + w07 (1 — py)]
<a.=a,=0,0148

-w10~1(1-p1)
W>

1
(:)pZS1—(D[® (-0 ]=1CEF(P1)

mltW1=W2=\/1/2
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4. Bayesian decision making in interim analyses
Gruppensequentiell-adaptives Studiendesign
Pocock-Design, Inverse-Normal-Methode

n,=35 Falle p, M
pro Gruppe 14+ -
Information
rate 0.5 | Futility
Teststatistik Z, Stop
=1-d(z
P+ (z4) 0,=0,5 - )

a,=0,0148 -
H0
}ablehnen
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Fortsetzung mit n, Fallen pro Gruppe

so dass PR, BPP=0.8 (35<n,<100)

Teststatistik Z, , p, =1 - &(z,)

H, ablehnen, falls

Cp1,pz) =1—0[w,07 (1 — py) + w07 (1 — py)]
<a.=a,=0,0148

-w10~1(1-p1)
W>

1
(:)pZS1—(D[® (-0 ]=1CEF(P1)

mltW1=W2=\/1/2
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4. Bayesian decision making in interim analyses
Futility Stop

Seip;> ay

« Bayesian Predictive Power (BPP)

BPP = [ Problp, < CEF(py) | pyu]- fues(0 i mit iz, y~N (% - 7,%2)

—1_ \/202/n2¢ 1(1-CEF(p1))-(x-)

\/20'2/n2+20'2/n1

. (35<n,<100)
- Bein,=100: BPP,,, = ?
. Falls BPP,,,<0.2 => Futility Stop

J. Gerf3: Bayesian Methods in Clinical Trials 27



4. Bayesian decision making in interim analyses

Futility Stop

<~

o

o
o
ol
ol
m
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1.0
0.8
0.6
0.4
0.2
0.0 -

1.0
0.8
0.6
0.4
0.2

0.0 -

-0.4

-0.2

0.0

0.2

Observed Mean Difference

28
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4. Bayesian decision making in interim analyses
Gruppensequentiell-adaptives Studiendesign
Pocock-Design, Inverse-Normal-Methode

n,=35 Falle Fortsetzung mit n, Fallen pro Gruppe
pro Gruppe 0T -
Information so dass PR BPP=0.8 (35<n,<100)
rate 0.5 | Futility Teststatistik Z, , p, = 1 - ®(z,)
Teststatistik Z, Stop H, ablehnen, falls
Py =1-d(zy) 0,2 - _ | Corp2) =1=08[wi071 (1 — py) + w071 (1 — py)]
BPP 100 BPP,q ¥ < @, = a, = 0;8448 0,0148
p1 A @ pz S 1 _ @ |:¢_1(1_ac)_u‘;vl¢_1(1_p1):| = CEF(pl)
2
o =M__ — :
1 0,0148 H mitw; = w, =/1/2
0
ablehnen
O__
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4. Bayesian decision making in interim analyses

Futility Stop

n,=35 Falle pro Gruppe
n,=100 Falle pro Gruppe

J. Gerf3: Bayesian Methods in Clinical Trials
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4. Bayesian decision making in interim analyses
Simulation

Fehler 1. Art / Power

Fallzahl (pro Gruppe)

Futility Stops

Klassisch Bayes Klassisch Bayes Klassisch Bayes
8lc=0 0,025 0,025 131,4 132,6 — —
6lc=0,2 0,269 0,282 118,6 122,6 — —
6lc=10,4 0,803 0,827 91,6 97,9 — —
6la=0,5 0,940 0,955 75,7 81,7 — —
6/lc=10,6 0,985 0,992 61,1 65,8 — —
6/lc=0,8 0,999 1,000 42,4 44,0 — —
dlo=1 1,000 1,000 36,3 36,5 — —

J. Gerf3: Bayesian Methods in Clinical Trials
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4. Bayesian decision making in interim analyses
Simulation

Fehler 1. Art / Power

Fallzahl (pro Gruppe)

Futility Stops

Klassisch Bayes Klassisch Bayes Klassisch Bayes
S8lo=0 0,025 0,025 81,4 62,6 0,499 0,700
6lc=0,2 0,266 0,268 98,6 84,8 0,200 0,377
8loc=0,4 0,791 0,776 86,9 85,2 0,046 0,125
6/lc=10,5 0,929 0,914 73,6 75,5 0,018 0,058
6/lc=10,6 0,980 0,970 60,7 63,3 0,006 0,024
6/lc=0,8 0,999 0,997 42,3 43,9 0,000 0,002
dlo=1 1,000 1,000 36,2 36,5 0,000 0,000

J. Gerf3: Bayesian Methods in Clinical Trials
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5. Borrowing of information across related populations

Biomarkers in JIA

No. Flares / Patients %

Fisher‘s Exact
MRP8/14 MRP8/14 Test
=690 ng/ml <690 ng/ml

All patients (n=188)

Subgroup Oligoarthritis (n=86)
Subgroup Polyarthritis (n=74)
Subgroup Other (n=28)

J. Gerf3: Bayesian Methods in Clinical Trials

22/75(29%) 13/ 113 (12%) 3.2 p=0.0036
9 /34 (26%) 8 /52 (15%) 2.0 p=0.2700
11/ 25 (44%) 5/ 49 (10%) 6.9 p=0.0019
2/16 (13%) 0/12 (0%) 4.3 p=0.4921

EXTENDED REPORT

Phagocyte-specific S100 proteins and high-sensitivity
C reactive protein as biomarkers for a risk-adapted
treatment to maintain remission in juvenile idiopathic
arthritis: a comparative study

Gerl} et al.
Ann Rheum Dis 2012;71:1991-1997.
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5. Borrowing of information across related populations
Hierarchical model

Let Y; := Observed In(Odds Ratio) in subgroup i

 Observed InOR's: Y;|u; ~N(u;,0:%), i =123 with 02 assumed known
| Parameter model: ui |, T~ N(u, 72)
Prior: f(u, 7) = f(u|t) - f(r) x 1 (non-informative)
| oc' 1 | Ioclll

« Bayesian approach: Sampling from
f(p1, o UslY1, Y2, ¥3) = [ (U, o, tis, 1, TIY1, Y2, Y3)dut
= [ fQua, by 13|16 T, Y1, V2, ¥3) - f (W Tl Y2, y3)dut

 Frequentist approach (,Empirical Bayes"):

T2

2402

(Y;, i) ~ Bivariate Normal => E(u;|V;) = p+ (Y-,

plug in REML estimators of u, t2

J. Gerf3: Bayesian Methods in Clinical Trials 35



5. Borrowing of information across related populations
Biomarkers in JIA: Results

Observed Odds Ratio

Subgroup i i Fully Bayesian Estimator
Oligoarthritis . S . .
*
(n=86) : . Empirical Bayes Estimator
Subgroup i i
: *
Subgroup E E
Other E i —— —— ——
(n=28) '

PooledOR ----*----

J. Gerf3: Bayesian Methods in Clinical Trials 36
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6. Conclusion
Bayesian Methods in Clinical Trials

Use fully Bayesian approach, paying

« Early phase clinical trials (,in-house 7 |attention to

studies” w/o strict regulatory control)
« Trials in small populations —

» choose the appropriate model carefully,

» choose the inputted (prior) information

« Medical device trials carefully and

. Exploratory studies « check (classical) operating

_ characteristics (type | error, power)

« Large scale confirmatory trials with } Use of Bayesian supplements

strict type | error control » Response-adaptive randomization

« Bayesian decision making in interim
analyses
(Bayesian data monitoring / sequential

stopping,
predictive probabilities)

J. Gerf3: Bayesian Methods in Clinical Trials 38
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